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Abstract. A fundamental question in Riemannian geometry is to find 
canonical metrics on a given smooth manifold. In the 1980s, R. Hamil- 
ton proposed an approach to this question based on parabolic partial 
differential equations. The goal is to start from a given initial metric 
and deform it to a canonical metric by means of an evolution equation. 
There are various natural evolution equations for Riemannian metrics, 
including the Ricci flow and the conformal Yamabe flow. In this survey, 
we discuss the global behavior of the solutions to these equations. In 
particular, we describe how these techniques can be used to prove the 
Diffcrentiable Sphere Theorem. 

This article is based on the Takagi Lectures delivered by the author 
at the Research Institute for Mathematical Sciences, Kyoto University, 
on June 4, 2011. 



1. The Ricci flow on surfaces and the uniformization theorem 

One of the central questions in modern differential geometry is concerned 
with the existence of canonical metrics on a given manifold M. This question 
has a long history (going back to ideas of H. Hopf and R. Thorn), and is 
inspired by the uniformization theorem in dimension 2. In fact, if M is a 
two-dimensional surface, then the uniformization theorem implies that M 
admits a metric of constant curvature: 

Uniformization Theorem. Let M be a compact surface, equipped with a 
Riemannian metric go- Then there exists a Riemannian metric g on M 
which is conformal to go and has constant scalar curvature. 

Recall that two metrics go and g are said to be conformal if there exists 
a function w € C°°(M) such that g = e 2w go. 

The Ricci flow provides a canonical deformation from the given metric 
go to a constant curvature metric. To describe this, let M be a compact 
surface, equipped with an initial metric go- We then evolve the metric by 
the evolution equation 

(1) §- t 9(t) = -R 9{ t)g(t), 

where R g (t) denotes the scalar curvature of the evolving metric git)- The 
evolution equation ([1]) was first studied by R. Hamilton [32]. Note that 

d 

( 2 ) di Rg{t) = A 9^ R ^ + R 9(t) 
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for any solution g(t) of ([I]). 

Since the evolution equation ([T]) preserves the conformal structure, we 
may write the metric g(t) in the form g(t) = e 2w ^ go for some function 
w(t) € C°°(M). The scalar curvature of g(t) is given by the formula 

R g{ t)=e- 2w{t) (-2A go w(t)+R go )- 

Substituting this formula into (pQ) leads to the following evolution equation 
for the conformal factor: 

(3) ^w(t) = e- 2w ^(A go w(t)-lR go ). 

Note that the function w(t) satisfies a nonlinear partial differential equation 
of parabolic type; in particular, the evolution equation ([TJ always admits 
a shorttime solution. Moreover, the equation ([3]) is closely related to the 
porous medium equation; see e.g. [26] . 

The longtime behavior of the flow depends in a crucial way on the sign 
of the Euler characteristic of M. In fact, the Gauss-Bonnet theorem implies 
that 

-vol(M,g(t)) = - R g{t) dvo\ g{t) = -4ttx(M), 
at Jm 

where x(M) denotes the Euler characteristic of M. In particular, if x(M) 
is negative, then the area of M will increase; on the other hand, the area of 
M will decrease if x{M) is positive. 

In the seminal paper [32], Hamilton analyzed the global behavior of the 
solutions to (P). 

Theorem 1.1 (R. Hamilton [32J). Let M be a compact surface, equipped 
with a Riemannian metric go. Moreover, let g(t), t G [0, T), be the unique 
maximal solution to the Ricci flow with initial metric go. 

(i) If xiM) < 0' then T = oo, and the rescaled metrics j g(t) converge 
to a metric of constant scalar curvature —1 as t — > oo. 

(ii) If x(M) = 0, then T = oo, and the metrics g(t) converge to a flat 
metric as t — ^ oo. 

(hi) If go has positive scalar curvature, then 

_ vol(M,g ) 
4vrx(M) ' 

Moreover, the rescaled metrics t^—? g(t) converge to a metric of con- 
stant scalar curvature 1 as t — > T. 

In statement (iii) , the assumption that go has positive scalar curvature can 
be replaced by the weaker assumption that the Euler characteristic xO^O ^ 
positive (cf. [24]). 

The case when go has positive scalar curvature is the most difficult one. 
In order to handle this case, Hamilton proved a remarkable monotonicity 
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formula. In fact, Hamilton showed that the function 

1 ^ / R g{t) lo S {( T ~ f ) R g(t)) dvol g (t) 
Jm 

is monotone decreasing. Using this monotonicity formula and a blow-up ar- 
gument, it follows that the product (T — t) R g (t) is uniformly bounded from 
above. Hence, there exists a sequence of times i& — > T with the property 
that the rescaled metrics x-t k s(tk) converge to a Ricci soliton metric in the 
Cheeger-Gromov sense. On the other hand, Hamilton showed that any com- 
pact two-dimensional Ricci soliton has constant curvature (see also [23] for 
a simplified argument, which avoids the use of the uniformization theorem). 
Consequently, the rescaled metrics T l tfc g(tk) must converge to a metric of 
constant scalar curvature. 

M. Struwe [Mj has given an alternative proof of Theorem 11.11 using PDE 
techniques. This approach relies on a concentration-compactness argument, 
as developed by X. Chen [21], [22J in the context of the Calabi flow. 

2. The conformal Yamabe flow 

In 1960, H. Yamabe [57] proposed a generalization of the uniformization 
theorem to higher dimensions. More precisely, Yamabe conjectured the 
following: 

Yamabe Conjecture. Let M be a compact manifold of dimension n > 3, 
and let go be a Riemannian metric on M. Then there exists a metric g on 
M which is conformal to go and has constant scalar curvature. 

Yamabe's Conjecture was confirmed by the work of N. Trudinger [55J, 
T. Aubin [2j, and R. Schoen [47]. Building upon earlier work of Trudinger, 
Aubin was able to prove Yamabe's Conjecture when n > 6 and (M, go) is not 
locally conformally flat. The remaining cases were settled by Schoen using 
the positive mass theorem. A. Bahri [3] later gave an alternative proof in 
the locally conformally flat case. 

In the 1980s, R. Hamilton proposed a heat flow approach to the Yamabe 
problem. To describe this, let g(t) be a smooth one-parameter family of 
Riemannian metrics on M. We say that g(t) is a solution of the unnormalized 
Yamabe flow if 

(4) ^g(t) = -R m g(t), 

where R g (t) denotes the scalar curvature of g(t). 

It is often convenient to consider a normalized version of the flow. We 
say that g{t) is a solution of the normalized Yamabe flow if 



(5) 



—g{t) = -{Rg{t)-r g{t ))g(t). 
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Here, r g M denotes the mean value of the scalar curvature of the metric g(t); 
that is, 

J M R g(t) dvol g (t) 
9{t) vo\(M,g(t)) ' 
The evolution equations @ and © are equivalent in the sense that any 
solution of the equation (jlj) can be transformed into a solution of ([5]) by a 
rescaling procedure. In the sequel, we will always consider the normalized 
Yamabe flow ([5]). Note that 

d 

( 6 ) di Rg{t) = ( U ~^ A 9(t) R 9(t) + R g(t) ( R g(t) ~ r g{t)) 

if g(t) is a solution of ([5]). 

Since the Yamabe flow preserves the conformal structure, we may write 

4 

g(t) = u(t) n ~ 2 go for some fixed background metric go. The scalar curvature 
of the metric g(t) is given by the formula 

n+2 / 4fn — 1) 
R g(t) = <t) n - 2 { ~ n _ 2 A so«(*) + «(*) 

Therefore, the evolution equation ([5]) is equivalent to the following evolution 
equation for the conformal factor: 

d , , .n+2 n + 2 /4(n — 1) . . . „ . . , .itBN 

(7) ^(«(t) - 2 ) = ( V n _ 2 7 A 90 u(t) - i? 90 u(t) + r a(t) u(t) - 2 J . 

As above, the conformal factor satisfies a nonlinear partial differential equa- 
tion of parabolic type. The Yamabe flow can be viewed as the gradient flow 
for the Yamabe functional E go . This functional is defined by 

P / ^ Jm (^fer \ du \ 2 g + R 9o u2 ) dvol 9o 
E 9o( u > = — j£_ • 

(lM Un ~ 2dvol 9o) " 

The functional E go (u) is also referred to as the Yamabe energy. 

We note that the Yamabe functional E go (u) is closely related to the 

1 2n 

Sobolev quotient associated with the embedding of H (M, go) into L™- 2 (M, go)- 
To fix notation, we denote by 

Y(M,g )= inf E go (u) 

the infimum of the Yamabe functional of (M,go). 

The Yamabe functional also has a natural geometric interpretation. In 
fact, for any positive function u € C°°(M) we have 

W J M R 9 dv ° l 9 



vo\(M, g y 
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where g = iv^ 1 go- In other words, the Yamabe functional E go may be 
viewed as the restriction of the normalized Einstein-Hilbert action to the 
conformal class of go- 
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It is an interesting question to study the longtime behavior of the Yamabe 
flow. It was shown by R. Hamilton [33] that the Yamabe flow ([5]) cannot 
develop singularities in finite time. More precisely, Hamilton proved the 
following theorem: 

Theorem 2.1 (R. Hamilton). Let M be a compact manifold of dimension 
n > 3. Given any initial metric go on M, the Yamabe flow (GP admits a 
solution which is defined for all t > 0. 

Once we know that the Yamabe flow admits a global solution, one would 
like to understand the asymptotic behavior as t — > oo. In this direction, 
Hamilton proposed the following conjecture: 

Conjecture 2.2 (R. Hamilton). Let (M,go) be a compact Riemannian man- 
ifold of dimension n > 3, and let g(t) be the unique solution of the Yamabe 
flow with initial metric go. Then the metrics g(t) converge to a metric of 
constant scalar curvature as t —> oo. 

Hamilton's Conjecture was first taken up by B. Chow [25]. Chow showed 
that if (M, go) is locally conformally flat and has positive Ricci curvature, 
then the Yamabe flow evolves go to a metric of constant scalar curvature. 
This result was subsequently improved by R. Ye [58] . 

Theorem 2.3 (R. Ye |58j). Let (M, go) be a compact Riemannian manifold 
of dimension n > 3, and let g(t) be the unique solution of the Yamabe flow 
with initial metric go- If (M, go) * s locally conformally flat, then the metrics 
g{t) converge to a metric of constant scalar curvature as t — > oo. 

The proof of Theorem 12.31 uses the developing map in a crucial way. More 
precisely, since (M, go) is locally conformally flat, there exists a conformal 
diffeomorphism from the universal cover of (M, go) onto a dense domain 
UcS n (cf. [50]). In particular, the metric g(t) induces a metric g(t) on Q. 
The metrics g{t) are conformal to the standard metric on S n , and evolve by 
the Yamabe flow. By applying the method of moving planes, Ye was able 
to prove a gradient estimate for the conformal factor. As a consequence, Ye 
obtained uniform upper and lower bounds for the conformal factor. A similar 
argument was used by R. Schoen to prove a-priori estimates for solutions of 
the elliptic Yamabe equation (see |48j). 

Schwetlick and Struwe [51] were able to remove the assumption that 
(M, go) is locally conformally flat; instead, they assumed that the Yamabe 
energy of the initial metric is below a certain critical threshold: 

Theorem 2.4 (H. Schwetlick, M. Struwe [51]). Let (M, go) be a compact 
Riemannian manifold of dimension n, where 3 < n < 5. Moreover, let 
g{t) be the unique solution to the Yamabe flow with initial metric go- If the 

Yamabe energy of go is less than [Y(M, go)? +Y(S n )2~^ n , then the metrics 
g(t) converge to a metric of constant scalar curvature as t — > oo. 
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Here, Y(S n ) denotes the infimum of the Yamabe functional on the round 
sphere S n . 

In [S], we removed the assumption on the Yamabe energy of go, and 
proved the convergence of the Yamabe flow for arbitrary initial metrics (see 
also [9]): 

Theorem 2.5 (S. Brendle |8j). Let (M,go) be a compact Riemannian man- 
ifold of dimension n. We assume that either 3 < n < 5 or (M, go) is locally 
conformally flat. Moreover, let g(t), t > 0, be the unique solution to the 
Yamabe flow with initial metric go. Then the metrics g(t) converge to a 
metric of constant scalar curvature as t — > oo. 

Let us sketch the main ideas involved in the proofs of Theorem 12.41 and 

4 

Theorem 12.51 As above, we write g(t) = u(t) n - 2 go, where u(t) S C°°(M) is 
a positive function on M. If the conformal factor u{t) is uniformly bounded 
from above, then the convergence of the flow follows from a general theorem 
due to L. Simon [52J. Hence, it suffices to show that the function u{t) is 
uniformly bounded. To that end, one performs a blow-up analysis. Suppose 
that sup M u(tk) — > oo for some sequence of times tj. — > oo. It follows from a 
result of Struwe [53] that the flow forms a finite number of spherical bubbles. 

In the setting of Theorem 12.44 the assumption on the initial energy im- 
plies that the flow forms at most one bubble. Moreover, Schwetlick and 
Struwe were able to rule out this possibility using the positive mass theorem 
of Schoen and Yau [19] . The case of higher initial energy is much more sub- 
tle, as the flow might form multiple bubbles, and the interactions between 
different bubbles must be taken into account. To rule out this possibility, 
we again use the positive mass theorem; see [8] for a detailed proof. 

Finally, we describe a convergence result for the Yamabe flow in dimension 
n > 6. To fix notation, let (M, go) be a compact Riemannian manifold of 
dimension n > 6. We denote by Z the set of all points p £ M such that 

limsupd(p, x) - '^ - ' |W So (x)| = 0, 

x— s-p 

where W go denotes the Weyl tensor of the background metric go and d(-, ■) 
denotes the Riemannian distance. Note that the set Z depends only on the 
conformal class of go- 

Theorem 2.6 (S. Brendle [10]). Let (M,go) be a compact Riemannian man- 
ifold of dimension n > 6. We assume that either M is spin or Z = 0. 
Moreover, let g(t), t > 0, be the unique solution to the Yamabe flow with 
initial metric go. Then the metrics g{t) converge to a metric of constant 
scalar curvature as t — > oo. 

Note that the limit metric need not be a global minimizer of the Yamabe 
functional. In fact, there may be infinitely many metrics of constant scalar 
curvature in a given class (see e.g. [H], [16]). 
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3. The Ricci flow in higher dimensions 

In this section, we discuss another natural evolution equation for Rie- 
mannian metrics. Let M be a compact manifold of dimension n > 3, and 
let g(t) be a smooth one-parameter family of Riemannian metrics on M. 
We say that the metrics g(t) evolve by the Ricci flow if 

(8) J^(i) = -2Ric 9(t) , 

where Ric g ( t \ denotes the Ricci tensor of the metric g(t). This evolution was 
introduced in 1982 in a landmark paper by R. Hamilton |30| . Hamilton also 
considered a normalized version of the Ricci flow, which keeps the volume 
of M fixed. In what follows, we will restrict ourselves to the unnormalized 
Ricci flow (JSJ). 

The evolution equations @ and ([8]) can both be viewed as generalizations 
of the Ricci flow in dimension 2. Unlike the Yamabe flow, the Ricci flow 
does not preserve the conformal structure. 

In [30], Hamilton proved a shorttime existence theorem for the Ricci flow: 

Theorem 3.1 (R. Hamilton [30J. Let M be a compact manifold, equipped 
with a Riemannian metric go . Then there exists a real number T > and a 
solution git), t € [0, T), of the Ricci flow with the property that g(0) = go. 
Moreover, the solution g(t) is unique. 

The question of shorttime existence is subtle because the Ricci flow is 
only weakly parabolic. To overcome this obstacle, Hamilton employed the 
Nash-Moser inverse function theorem. A simplified proof was later given by 
D. DeTurck [27]. 

Hamilton [30], [31] studied how the curvature tensor changes when the 
metric is evolved by the Ricci flow. Hamilton showed that the Riemannian 
curvature tensor satisfies the following nonlinear heat equation: 

(9) DtRijkl — ^.Rijkl -\- ^ Rijpq Rklpq ~\~ 2 ^ ~^ (Rjpkq Rjplq Riplq Rjpkq)- 

p,q p,q 
Here, R denotes the Riemann curvature tensor of the metric g(t), A denotes 
the Laplace operator of g(t), and Dt represents the covariant time derivative 
(cf. p3], Section 2.3). 

Using the evolution equation and the maximum principle, Hamilton 
|30j showed that the Ricci flow preserves positive Ricci curvature in dimen- 
sion 3. More precisely, let (M, go) be a compact three-manifold, and let git), 
t € [0, T), be the unique solution to the Ricci flow with initial metric go- If 
(M,go) has positive Ricci curvature, then (M,g(t)) will have positive Ricci 
curvature for all t € [0, T). Moreover, Hamilton was able to give a complete 
description of the longtime behavior of the Ricci flow in this situation. 

Theorem 3.2 (R. Hamilton [30J). Let (M,go) be a compact three-manifold 
with positive Ricci curvature, and let git), t € [0,T), denote the unique 
maximal solution to the Ricci flow with initial metric go- Then T < oo, and 
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the rescaled metrics 4 (jL f ) g(t) converge to a metric of constant sectional 
curvature 1 as t — > T. 

In particular, if a three-manifold M admits a metric of positive Ricci cur- 
vature, then M admits a metric of constant sectional curvature. This con- 
firmed an earlier conjecture of J. P. Bourguignon |7J. In particular, Hamilton 
was able to draw the following topological conclusion: 

Corollary 3.3 (R. Hamilton [30]). Let M be a compact three-manifold which 
admits a metric of positive Ricci curvature. Then M is diffeomorphic to a 
quotient S 3 /T, where V is a finite group of standard isometries acting freely. 

The quotient manifolds S 3 /T are completely classified (cf. [56]). Hence, 
Corollary 13.31 provides a classification of all three-manifolds which admit 
metrics with positive Ricci curvature. 

Theorem 13.21 has inspired a large body of work over the past 30 years. In 
particular, two lines of inquiry have been pursued: 

First, it is very interesting to study the global properties of the Ricci 
flow in dimension 3 for general initial metrics (i.e. without any curvature 
assumptions). This is a very subtle problem, as the Ricci flow may develop 
singularities. In [35], Hamilton outlined a program for understanding these 
singularities. In particular, Hamilton proposed a surgery procedure in order 
to extend the flow past singularities (cf . [35] , [36] ) . This program culminated 
in G. Perelman's proof of the Poincare Conjecture (cf. [44], [45], [46]). Non- 
technical surveys can be found in [5j, [28J, or [39|. 

Second, one would like to generalize the convergence theory for the Ricci 
flow to dimensions greater than 3. This requires some assumptions on the 
curvature of the initial metric. Recall that a Riemannian manifold M is said 
to have positive curvature operator if 

Rijki v ij <p m > o 

i,j,k,l 

for each point p € M and every non-zero two-form ip G A 2 T p M. Moreover, 
M is said to have two-positive curvature operator if 

i,j,k,l 

for all points p E M and all two-forms 99, ip € A 2 T p M satisfying \ip\ 2 = 
|V>| 2 = 1 and (ip,ij>) = 0. 

R. Hamilton [31] showed that positive curvature operator is preserved by 
the Ricci flow in all dimensions. Moreover, Hamilton proved the following 
convergence theorem in dimension 4: 

Theorem 3.4 (R. Hamilton |31j). Let (M,go) be a compact four-manifold 
with positive curvature operator, and let g(t), t 6 [0,T), denote the unique 
maximal solution to the Ricci flow with initial metric go. Then T < 00, and 
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the rescaled metrics 6 (jL f ) g(t) converge to a metric of constant sectional 
curvature 1 as t —> T. 

It was shown by H. Chen [20J that two-positive curvature operator is 
also preserved by the Ricci flow. As a result, Chen was able to weaken the 
curvature assumption in Theorem 13. 4t 

Theorem 3.5 (H. Chen |20j). Let (M, go) be a compact four-manifold with 
two-positive curvature operator, and let g(t), t 6 [0,T), denote the unique 
maximal solution to the Ricci flow with initial metric go- Then T < oo, and 
the rescaled metrics qfjt-£\ gif) converge to a metric of constant sectional 
curvature 1 as t — ^ T . 

Other convergence theorems in dimension 4 were established by B. An- 
drews and H. Nguyen |T] and by C. Margerin |41j . 

The Ricci flow on manifolds of arbitrary dimension was first studied by 
G. Huisken [37]. To describe this result, we consider a Riemannian manifold 
(AT, go) of dimension n > 4. We may decompose the curvature tensor of 
(M, g ) as 

Rijkl = Uijki + Vijki + Wijf-i, 
where U%ju denotes the part of the curvature tensor associated with the 
scalar curvature, V%ju is the part of the curvature tensor associated with the 
tracefree Ricci curvature, and Wijki denotes the Weyl tensor. 

Theorem 3.6 (G. Huisken |37J). Let (M,go) be a compact Riemannian 
manifold of dimension n > 4 with positive scalar curvature. Suppose that 
the curvature tensor of (ilf, go) satisfies the pinching condition 

\V\ 2 + \W\ 2 < 5(n) \U\ 2 , 

where 5(4) = |, <5(5) = and 

S(n) = r- 

v ' (ra-2)(n + l) 

for n > 6. Finally, let g(t), t € [0, T), denote the unique maximal solution 
to the Ricci flow with initial metric go- Then T < oo, and the rescaled 
metrics 2 (n-i)(r-t) 9$) converge to a metric of constant sectional curvature 
1 as t — ^ T . 

In particular, Theorem 13.61 implies that the Ricci flow evolves any ini- 
tial metric with sufficiently pinched curvature to a constant curvature met- 
ric. Similar results in this direction were obtained by C. Margerin [ID] and 
S. Nishikawa 03]. 

Theorem 13.51 was generalized to higher dimensions in [6]: 

Theorem 3.7 (C. Bohm, B. Wilking [6j). Let (M,go) be a compact Rie- 
mannian manifold of dimension n > 4 with two-positive curvature operator, 
and let g(t), t £ [0,T), denote the unique maximal solution to the Ricci flow 
with initial metric go- Then T < co, and the rescaled metrics 2(n-i)(T-t) 
converge to a metric of constant sectional curvature 1 as t — > T. 
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The condition that the initial manifold (M, go) has two-positive curvature 
operator is very restrictive in high dimensions. In the remainder of this 
section, we will describe the convergence theory for the Ricci flow developed 
in [12] and [17]. This approach requires much weaker assumptions on the 
initial metric go. We will only sketch the main ideas; a detailed exposition 
can be found in the monograph [14]. 

The approach developed in [12j and [17] relies in a crucial way on the 
notion of positive isotropic curvature. This notion was introduced in a fun- 
damental paper of M. Micallef and J.D. Moore [42] on the Morse index of 
minimal two-spheres. 

Definition 3.8. Let M be Riemannian manifold of dimension n > 4. We 
say that M has nonnegative isotropic curvature if 

#1313 + #1414 + #2323 + #2424 ~ 2 #1234 > 

for each point p € M and every orthonormal four- frame {ej, e%, e^, e^} C 
T p M. If the strict inequality holds, we say that M has positive isotropic 
curvature. 

Micallef and Moore |42] proved that every compact, simply connected 
manifold with positive isotropic curvature is homeomorphic to S n . The 
topology of non-simply connected manifolds with positive isotropic curva- 
ture is not completely understood. However, there are restrictions on the 
fundamental groups of such manifolds (cf. [29]). 

It turns out that the Ricci flow preserves nonnegative isotropic curvature 
in all dimensions. This fact plays a key role in the convergence theory in 
higher dimensions. 

Theorem 3.9 (S. Brendle, R. Schoen |17|). Let M be a compact manifold 
of dimension n > A, and let g{t), t E [0, T), be a solution to the Ricci flow 
on M. If (M,g(0)) has nonnegative isotropic curvature, then (M,g(t)) has 
nonnegative isotropic curvature for all t £ [0, T) . 

The proof of Theorem 13.91 uses the maximum principle. The strategy 
is to show that the minimum isotropic curvature increases under the Ricci 
flow. This is a very delicate calculation which exploits special identities 
and inequalities arising from the first and second variations of the isotropic 
curvature. 

We next discuss some curvature conditions which are closely related to 
positive isotropic curvature and which are also preserved by the Ricci flow: 

Theorem 3.10. Let M be a compact manifold of dimension n > 4, and 
let g{t), t G [0, T), be a solution to the Ricci flow on M. Moreover, let 
S 2 (l) denote the two-sphere equipped with its standard metric of constant 
curvature 1. 

(i) If (M, g(0))xM has nonnegative isotropic curvature, then (M,g(t))x 
R has nonnegative isotropic curvature for all t € [0, T) . 
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(ii) If (M, g(0))xR 2 has nonnegative isotropic curvature, then (M, g(t))x 
R 2 has nonnegative isotropic curvature for all t G [0,T). 

(iii) // (M, g(0)) x S 2 (l) has nonnegative isotropic curvature, then the 
product (M,g(t)) x S 2 (l) has nonnegative isotropic curvature for all 

te[0,T). 

The statements (i) and (ii) follow directly from Theorem 13.91 The proof 
of (iii) is more subtle, and can be found in |12j . 

Note that the product MxR has nonnegative isotropic curvature if and 
only if 

-R1313 + A 2 -R1414 + -R2323 + A 2 -R2424 — 2A -R1234 > 

for all orthonormal four-frames {e\,e2,e^,e^\ and all A G [0,1]. Moreover, 
the product MxR 2 has nonnegative isotropic curvature if and only if 

-^1313 + A 2 i?l414 + IJ 2 -^2323 + A 2 /i 2 i?2424 ~ 2A/i i?i234 > 

for all orthonormal four-frames {ei, e2, e$, a} and all A, [i G [0,1]. Finally, 
M x S 2 (l) has nonnegative isotropic curvature if and only if 

-^1313 + A 2 i?l414 + V 2 -^2323 + A 2 ^i 2 i?2424 — 2A/i i?i234 
+ (1-A 2 )(1-^ 2 ) >0 

for all orthonormal four-frames {e±, &2i &3, ^4} and all A, [i G [0, 1]. 

Using Theorem 13. 101 one can prove the following convergence theorem for 
the Ricci flow: 

Theorem 3.11 (S. Brendle [12]). Let (M,go) be a compact Riemannian 
manifold of dimension n > 4 with the property that 

-^1313 + A 2 i?1414 + i?2323 + A 2 i?2424 — 2A i?i234 > 

for all orthonormal four-frames {ei, e^, e^, e\\ and all A G [0,1]. Let g(t), 
t G [0,T), denote the unique maximal solution to the Ricci flow with initial 
metric go. Then T < 00, and the rescaled metrics 2 ( n -i)(T-t) 9$) converge 
to a metric of constant sectional curvature 1 as t — > T. 

Theorem 13.111 contains many known convergence results as subcases. In 
particular, Theorem 13.61 and Theorem 13.71 are both special cases of Theorem 
13.111 Moreover, Theorem 13.111 applies to any initial manifold (M, go) with 
1/4-pinched sectional curvatures. 

Corollary 3.12 (S. Brendle, R. Schoen [H]). Let (M, go) be a compact Rie- 
mannian manifold of dimension n > 4. We assume that (M, go) is strictly 
1/4-pinched in the pointwise sense, so that < K[tt\) < 4K(iT2) for all 
points p G M and all two-planes vti,7T2 C T p M . Let g(t), t G [0, T), denote 
the unique maximal solution to the Ricci flow with initial metric go. Then 
T < co, and the rescaled metrics 2 ( n -i)(r-t) ^(*) converge to a metric of 
constant sectional curvature 1 as t — > T. 
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In particular, Corollary 13.121 implies that any Riemannian manifold with 
strictly 1/4-pinched curvature is diffeomorphic to a spherical space form. 
This result is known as the Differentiable Sphere Theorem: 

Differentiable Sphere Theorem (S. Brendle, R. Schoen [17]). Suppose 
that M is a compact Riemannian manifold which is strictly 1/4-pinched in 
the pointwise sense, so that < K(tti) < 4K(iT2) for all points p € M and 
all two-planes 7Ti,7T2 C T p M . Then M is diffeomorphic to a quotient S n /T, 
where T is a finite group of isometries acting freely. 

The Sphere Theorem has a long history, dating back to a question posed 
by H. Hopf in the 1940s (see [19j for a survey). The classical Sphere The- 
orem of Berger [1] and Klingenberg [38] asserts that any compact, simply 
connected Riemann manifold whose sectional curvatures all lie in the interval 
(1,4] is homeomorphic to the sphere. The Differentiable Sphere Theorem 
improves this result in several respects. Most importantly, it provides a 
classification up to diffeomorphism (not just up to homeomorphism) . More- 
over, the Differentiable Sphere Theorem applies to non-simply connected 
manifolds, and only requires a pointwise pinching assumption. 

Using the strict maximum principle, one can analyze the borderline case 
in Theorem 13.111 (see |14j . Theorem 9.33). 

Theorem 3.13 (S. Brendle [14J). Let (M, go) be a compact, simply con- 
nected Riemannian manifold of dimension n > 4 with the property that 



for all orthonormal four-frames {e\, e2, e^} and all A 6 [0, 1]. Moreover, 
let g(t), t £ [0, T), denote the unique maximal solution to the Ricci flow with 
initial metric go- Then one of the following statements holds: 



of constant sectional curvature 1 as t — > T. 
(ii) (M, go) "I s a Kahler manifold. 
(hi) (M, go) is isometric to a symmetric space. 

(iv) (M, go) is isometric to a product of two manifolds of lower dimen- 
sion. 

If (M, go) is a Riemannian manifold with weakly 1/4-pinched sectional 
curvatures, then the curvature assumption in Theorem 13.131 is satisfied. 
Hence, we can draw the following conclusion: 

Corollary 3.14 (S. Brendle, R. Schoen [15]). Let (M, go) be a compact, 
simply connected manifold of dimension n > 4. Moreover, suppose that 
(M,go) is weakly 1/4-pinched in the pointwise sense, so that < K(tti) < 
4K{n2) for all points p G M and all two-planes *k\,tt2 C T p M. Let g(t), 
t £ [0, T), be the unique maximal solution to the Ricci flow with initial metric 
go- Then one of the following statements holds: 



-R1313 + A 2 #1414 + -R2323 + A 2 -R2424 — 2A -R1234 > 




converge to a metric 




converge to a metric 



of constant sectional curvature 1 as t — » T. 
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(ii) (M, go) is isometric to a symmetric space. 

There is a well-known classification of all symmetric spaces with positive 
sectional curvature. The list of such spaces includes the following examples: 

• The round sphere S n . 

• The complex projective space CP m . 

• The quaternionic projective space HDP m . 

• The projective plane over the octonions. 

Each of these spaces has weakly 1/4-pinched sectional curvatures. 

Finally, we note that the ideas described above can be used to improve 
many classical results on the Ricci flow. For example, R. Hamilton |34j 
showed that any solution to the Ricci flow with nonnegative curvature op- 
erator satisfies the Harnack inequality 

d 1 

—R+-R + 2d i Rv l + 2Ric ii v t v :l > 0. 
at t 

Here, R denotes the scalar curvature, Ric denotes the Ricci tensor of the 
evolving metric, and v is an arbitrary tangent vector. In [p3], we showed 
that Hamilton's Harnack inequality holds under a much weaker curvature 
assumption; in fact, it is enough to assume that M x M? has nonnegative 
isotropic curvature. The techniques discussed above also yield new results 
about ancient solutions to the Ricci flow (see |15| for details). 

References 

[1] B. Andrews and H. Nguyen, Four-manifolds with 1 / 4-pmched flag curvatures, Asian 
J. Math. 13, 251-270 (2009) 

[2] T. Aubin, Equations differentielles non lineaires et probleme de Yamabe concernant 
la courbure scalaire, J. Math. Pures Appl. 55, 269-296 (1976) 

[3] A. Bahri, Proof of the Yamabe conjecture, without the positive mass theorem, for lo- 
cally conformally flat manifolds, Einstein metrics and Yang-Mills connections (ed. by 
Toshiki Mabuchi and Shigeru Mukai) , Lecture Notes in Pure and Applied Mathemat- 
ics, vol. 145, Marcel Dekker, New York, 1993, 1-26 

[4] M. Berger, Les varietes Riemanniennes 1/4-pincees, Ann. Scuola Norm. Sup. Pisa 
14, 161-170 (1960) 

[5] G. Besson, Preuve de la conjecture de Poincare en deformant la metrique par la 

courbure de Ricci (d'apres G. Perelman), Seminaire Bourbaki Volume 2004/2005, 

Asterisque 307, 309-347 (2006) 
[6] C. Bohm and B. Wilking, Manifolds with positive curvature operator are space forms, 

Ann. of Math. 167, 1079-1097 (2008) 
[7] J. P. Bourguignon, Ricci curvature and Einstein metrics, Lecture Notes in Math. vol. 

838, Springer- Verlag, Berlin, 1981, 42-63 
[8] S. Brendle, Convergence of the Yamabe flow for arbitrary initial energy, J. Diff. Geom. 

69, 217-278 (2005) 

[9] S. Brendle, A short proof for the convergence of the Yamabe flow on S n , Pure Appl. 
Math. Q. 3, 499-512 (2007) 
[10] S. Brendle, Convergence of the Yamabe flow in dimension 6 and higher, Invent. Math. 
170, 541-576 (2007) 

[11] S. Brendle, Blow-up phenomena for the Yamabe equation, J. Amer. Math. Soc. 21, 
951-979 (2008) 



14 SIMON BRENDLE 

[12] S. Brendle, A general convergence result for the Ricci flow in higher dimensions, Duke 

Math. J. 145, 585-601 (2008) 
[13] S. Brendle, A generalization of Hamilton's differential Harnack inequality for the Ricci 

flow, J. Diff. Geom. 82, 207-227 (2009) 
[14] S. Brendle, Ricci Flow and the Sphere Theorem, Graduate Studies in Mathematics, 

vol. Ill, American Mathematical Society (2010) 
[15] S. Brendle, G. Huisken, and C. Sinestrari, Ancient solutions to the Ricci flow with 

pinched curvature, Duke Math. J. 158, 537-551 (2011) 
[16] S. Brendle and F.C. Marques, Blow-up phenomena for the Yamabe equation II, J. 

Diff. Geom. 81, 225-250 (2009) 
[17] S. Brendle and R. Schoen, Manifolds with 1/4-pinched curvature are space forms, J. 

Amer. Math. Soc. 22, 287-307 (2009) 
[18] S. Brendle and R. Schoen, Classification of manifolds with weakly 1/4-pinched curva- 
tures, Acta Math. 200, 1-13 (2008) 
[19] S. Brendle and R. Schoen, Curvature, sphere theorems, and the Ricci flow, Bull. 

Amer. Math. Soc. (N.S.) 48, 1-32 (2011) 
[20] H. Chen, Pointwise 1/4-pinched 4-manifolds, Ann. Global Anal. Geom. 9, 161-176 

(1991) 

[21] X. Chen, Weak limits of Riemannian metrics in surfaces with integral curvature 
bounds, Calc. Var. 6, 189-226 (1998) 

[22] X. Chen, Calabi flow in Riemann surface revisited: a new point of view, Internat. 
Math. Res. Notices 6, 275-297 (2001) 

[23] X. Chen, P. Lu, and G. Tian, A note on uniformization of Riemann surfaces by Ricci 
flow, Proc. Amer. Math. Soc. 134, 3391-3393 (2006) 

[24] B. Chow, The Ricci flow on the 2-sphere, J. Diff. Geom. 33, 325-334 (1991) 

[25] B. Chow, The Yamabe flow on locally conformally flat manifolds with positive Ricci 
curvature, Comm. Pure. Appl. Math. 45, 1003-1014 (1992) 

[26] P. Daskalopoulos and R. Hamilton, Geometric estimates for the logarithmic fast dif- 
fusion equation, Comm. Anal. Geom. 12, 143-164 (2004) 

[27] D. DeTurck, Deforming metrics in the direction of their Ricci tensors, J. Diff. Geom. 
18, 157-162 (1983) 

[28] K. Ecker, Heat equations in geometry and topology, Jahresber. Deutsch. Math.-Verein. 
110, 117-141 (2008) 

[29] A. Fraser, Fundamental groups of manifolds with positive isotropic curvature, Ann. 

of Math. 158, 345-354 (2003) 
[30] R. Hamilton, Three-manifolds with positive Ricci curvature, J. Diff. Geom. 17, 255- 

306 (1982) 

[31] R. Hamilton, Four-manifolds with positive curvature operator, J. Diff. Geom. 24, 153- 
179 (1986) 

[32] R. Hamilton, The Ricci flow on surfaces, Contemp. Math. 71, 237-262 (1988) 
[33] R. Hamilton, Lectures on geometric flows, unpublished manuscript (1989) 
[34] R. Hamilton, The Harnack estimate for the Ricci flow, J. Diff. Geom. 37, 225-243 
(1993) 

[35] R. Hamilton, The formation of singularities in the Ricci flow, Surveys in Differential 
Geometry, vol. II, 7-136, International Press, Somerville MA (1995) 

[36] R. Hamilton, Four-manifolds with positive isotropic curvature, Comm. Anal. Geom. 
5, 1-92 (1997) 

[37] G. Huisken, Ricci deformation of the metric on a Riemannian manifold, J. Diff. 

Geom. 21, 47-62 (1985) 
[38] W. Klingenberg, Uber Riemannsche Mannigfaltigkeiten mit positiver Krummung, 

Comment. Math. Helv. 35, 47-54 (1961) 



EVOLUTION EQUATIONS IN RIEMANNIAN GEOMETRY 



15 



[39] B. Leeb, Geometrization of 3-dimensional manifolds and Ricci flow: on Perelman's 
proof of the conjectures of Poincare and Thurston, Boll. Unione Mat. Ital. (9) 1, 41-55 
(2008) 

[40] C. Margerin, Pointwise pinched manifolds are space forms, Geometric measure theory 
and the calculus of variations (Areata 1984), 307-328, Proc. Sympos. Pure Math. 44, 
Amer. Math. Soc, Providence RI (1986) 

[41] C. Margerin, A sharp characterization of the smooth 4-sphere in curvature terms, 
Comm. Anal. Gcom. 6, 21-65 (1998) 

[42] M. Micallef and J.D. Moore, Minimal two-spheres and the topology of manifolds with 
positive curvature on totally isotropic two-planes, Ann. of Math. 127, 199-227 (1988) 

[43] S. Nishikawa, Deformation of Riemannian metrics and manifolds with bounded cur- 
vature ratios, Geometric measure theory and the calculus of variations (Areata 1984), 
343-352, Proc. Sympos. Pure Math. 44, Amer. Math. Soc, Providence RI (1986) 

[44] G. Perelman, The entropy formula for the Ricci flow and its geometric applications, 
arxiv:0211159 

[45] G. Perelman, Ricci flow with surgery on three-manifolds, arxiv:0303109 
[46] G. Perelman, Finite extinction time for solutions to the Ricci flow on certain three- 
manifolds, arxiv:0307245 
[47] R.M. Schoen, Conformal deformation of a Riemannian metric to constant scalar 

curvature, J. Diff. Geom. 20, 479-495 (1984) 
[48] R.M. Schoen, On the number of constant scalar curvature metrics in a conformal 

class, Differential geometry (ed. by H. Blaine Lawson, Jr., and Keti Tenenblat), 

Pitman Monographs and Surveys in Pure and Applied Mathematics, vol. 52, Longman 

Scientific & Technical 1991, 311-320 
[49] R.M. Schoen and S.T. Yau, On the proof of the positive mass conjecture in general 

relativity, Comm. Math. Phys. 65, 45-76 (1979) 
[50] R. Schoen and S.-T. Yau, Conformally flat manifolds, Kleinian groups, and scalar 

curvature, Invent. Math. 92, 47-71, 1988. 
[51] H. Schwetlick and M. Struwe, Convergence of the Yamabe flow for large energies, J. 

Reine Angew. Math. 562, 59-100 (2003) 
[52] L. Simon, Asymptotics for a class of non-linear evolution equations with applications 

to geometric problems, Ann. of. Math. 118, 525-571 (1983) 
[53] M. Struwe, A global compactness result for elliptic boundary value problems involving 

limiting nonlinearities, Math. Z. 187, 511-517 (1984) 
[54] M. Struwe, Curvature flows on surfaces, Ann. Scuola Norm. Sup. Pisa Serie V, 1, 

247-274 (2002) 

[55] N. Trudinger, Remarks concerning the conformal deformation of Riemannian struc- 
tures on compact manifolds, Annali Scuola Norm. Sup. Pisa 22, 265-274 (1968) 

[56] J. Wolf, Spaces of constant curvature, Publish or Perish, Houston TX (1984) 

[57] H. Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka 
Math J. 12, 21-37 (1960) 

[58] R. Ye, Global existence and convergence of the Yamabe flow, J. Diff. Geom. 39, 35-50 
(1994) 



Department of Mathematics, Stanford University, Stanford, CA 94305 



